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Abstract. This paper discusses the problem that hospital managers face several
times a day in response to the demand for nursing services. Prior to the start of
each shift, the number of nurses who are scheduled to be on duty over the next
24 hours is compared with the number actually available, and if shortages exist
a series of decisions have to be made to ensure that each unit in the hospital has
sufficient coverage. These decisions involve the use of overtime, outside
nurses, and floaters. To address this problem, we have developed an integer
programming model that takes the current rosters for regular and pool nurses
and the expected demand for the upcoming 24 hours as input, and produces a
revised schedule that makes the most efficient use of the available resources.
Problem instances with up to 120 nurses are shown to be solvable in a negligi-
ble amount of time.

1 Introduction

Most of the recent research on nurse scheduling has concentrated on rostering with
the aim of accommodating individual preferences. Examples of preferences include
requests to work specific shifts or to be given specific days off, and can be measured
in terms of the number of working hours, shift sequence patterns or even nurse to
patient ratios (see [6] for a survey). As a first step, nurses are typically asked to sign
up for shifts prior to the beginning of the planning horizon. At that time, they may
also submit a list of requests to the nurse manager who decides which to approve
immediately and which to defer in light of expected demand. The outcome is a mid-
term schedule for each nurse in the hospital.

Midterm scheduling fixes the work assignments for the permanent nursing staff for
up to six weeks at a time. Each unit generates its own rosters independently using
some measure of “average” demand as input. Most approaches are based on integer
programming formulations coupled with heuristics; see, e.g. [1], [2], [3], [7], [9]-
Petrovic et al. [8]; however, use an artificial intelligence methodology called case-
based reasoning that aims to imitate human style decision making by solving new
problems using knowledge about solutions to similar problems.



In this paper, we begin with the midterm schedule and address the problem of ad-
justing individual work assignments to account for daily fluctuations in the patient
population, absenteeism, and emergencies. Possible options include the use of over-
time, calling in nurses on their day off, using outside resources and pool nurses, or
living with the shortages.

The problem is formulated as an integer program and solved within a rolling hori-
zon framework that spans 24 hours. Solutions are obtained prior to the beginning of
each 8-hour shift. Testing indicated that instances with up to 120 nurses can be
solved in a few second in most cases. This is extremely important in an operational
environment where the situation changes continually.

In the next section, we describe the daily adjustment problem and discuss the roles
and responsibilities of the nurse management team. The presentation is based on our
experience at several medium size hospitals in the U.S. but provides as much gener-
alization as possible. In Section 3 we present the mathematical model for the prob-
lem. The data requirements are discussed in Section 4, and computational results for
instances with up to 120 nurses working in 14 units are highlighted in Section 5. We
close with some remarks on implementation and the effectiveness of the approach.

2 Problem Statement

The dynamic nature of the demand for nursing services, coupled with sick leave,
personal days, and emergencies, requires the midterm schedule to be adjusted on a
shift-by-shift basis. In most hospital, this rescheduling is performed throughout the
day a few hours prior to the start of each standard 8-hour shift — day (D = 7:00 a.m. —
3:00 p.m.), evening (E = 3:00 p.m. — 11:00 p.m.), night (N = 11:00 p.m. — 7:00 a.m.).
To enable the process, patient acuity and census data are periodically entered into the
hospital’s management information system. The primary information includes admis-
sions, discharges and transfers (ADT), and projected ADTs for the next shift.

In forecasting demand, a major difficulty lies not only in determining the number
of patients for whom care must be provided, but the level of care that will be required
by each; i.e., the acuity of care. Siferd and Benton [9] represent the number of nurses
needed during a shift as a multiplicative model of mean patient acuity, number of
patients, and the mean rate of change in acuities. Using simulation, they show that
the stochastic interplay of these factors can to cause wide swings in coverage re-
quirements for subsequent shifts. For issues associated with staff scheduling in a
retail environment where demand varies stochastically over the day, see, e.g., [4].

To make the staffing decisions as the day unfolds, it is necessary to have a “24-
hour view” for each unit. The additional information required is the schedule for the
next 24 hours, the list of call outs, the list of expected ADTs, the list of available
nurses (on call, pre-approved part-timers, casuals, floaters, agency options), and the
projected demand for nurses by skill type. By way of clarification, floaters are nurses
who are generally employed by the hospital but not assigned to a specific unit; how-
ever, they are given a monthly schedule that specifies the shifts that they will be
working. When they arrive at the hospital on their assigned days, they are told where
to report. In contrast, casuals have no employment contract and so are not given a



monthly schedule. They make their availability known to either unit managers or the
nursing services office, and are typically called at the last minute.

In general, the nursing resources director in the hospital is responsible for ensuring
that all units are covered. At his or her control are the float pool, casuals and other
external resources. At the unit level, the nurse manager or clinical manager has the
authority to assign overtime, request adjustments to current schedules, and call in
nurses not working that day. It is either not permitted or extremely undesirable to
alter a nurse’s midterm schedule without his or her consent. To a large extent, this
restriction limits the potential cost savings in the short run but promotes normalcy and
stability in the long run.

The goal of the rescheduling effort is to reallocate the available resources in a way
that minimizes the cost of the shortfall. In doing so, it is important to minimize the
differences between the new plan and the original plan. In the hospital environment,
this often leads to conflict because the optimal course of action may impose undesir-
able schedules on the permanent staff, such as excessive overtime and long work
stretches.

2.1 Decision Makers

The specific people involved in decision making, along with their roles, depends on
the particular option under consideration, predefined authorizations, coverage re-
quirements, and time of day. At the unit level, the nurse manager, clinical manager,
or nurse in charge keeps track of the current situation and assesses whether the level
of coverage is under, appropriate or over for the number of in-patients and their acu-
ity. This information is reported to the supervisors who among other things, call on
the float pool when necessary to fill in when shortages exist. To facilitate their role,
supervisors are provided with worksheets that are updated by shift and show who is
scheduled for duty in each of the units in their clinical areas.

The nursing resources director in conjunction with the nursing services office man-
ages the external resources that are available to the hospital. These include what we
will collectively call outside nurses comprising agency nurses, casuals, other per
diem, and perhaps an external float pool. The monthly schedules for the outside
nurses and internal float pool nurses are readily available to nursing services. The
latter are provided by the float pool managers for critical care and med/surg. Specific
unit assignments are not made at this point, but are left to the supervisors as daily
demand dictates. Most hospitals do not have float pools for units outside of these
areas.

2.2 Daily Adjustments

When more nursing power is available in a unit than is needed for a particular shift,
the nurse manager or equivalent has several options. Each is exercised in turn begin-
ning with the least senior staff member. The first option is to try to float the nurse to
another unit or to reassign her to a later day in the same pay period (usually 14-day
blocks). If the nurse is not willing to float or be reassigned, the shift is cancelled. In



either case, the supervisor is notified of the situation. In critical care units at the hos-
pitals that we are working with, if a nurse is cancelled, she is placed on the on-call list
for some period of time (med/surg and the other units do not use this rule). Generally
speaking, nurses would rather be cancelled than floated to another unit. If the hospi-
tal is requesting the cancellation, then one of the following designations is used for
the time off: vacation, personal day, holiday, or unpaid leave. Each has different cost
consequences.

When shortages exist in a unit, a number of steps can be taken to compensate, each
also having different cost consequences. In most hospitals, though, cost is not fore-
most on the mind of the person directly responsible for the unit. The primary objec-
tive is to achieve sufficient coverage, especially in situations that are critical and in
which coverage requirements are mandated by law. With this in mind, the order of
action is typically:

1. Look for a volunteer in the unit to work the next shift (or fraction thereof) as
overtime.

2. Try to reach casuals or per diem nurses.

Have the supervisor either negotiate for floaters with other units that might

be overstaffed or draw on the float pool.

Try to reach unit staff who are not scheduled to work during the current day.

Cycle through the on-call list (used mostly in emergencies)

Have the nursing resources director call in agency nurses.

Invoke mandatory overtime by requesting that a nurse on the current shift

stay for the next shift.

w

Nowvk

Although it is helpful to have guidelines, this seven-step procedure can rarely be
followed exactly without some judgment being exercised. For example, when a nurse
is called in on her day off to work a shift that is separated by her upcoming shift by
only 8 hours (e.g., evening > day), she is likely to call in sick for the day shift so
little has been gained.

3. Mathematical Model

The majority of rules and constraints that govern daily scheduling have been men-
tioned above. The complete set may vary among hospitals, but generally reflects
institutional policies, union agreements, state or federal statutes, and financial consid-
erations. The over goal is to satisfy coverage requirements at minimum cost while
taking into account nurse preferences, morale, the need for the perception of fairness,
and the expected response of staff members whose work patterns are affected. Bear-
ing this in mind, the problem will be formulated as an integer linear program for a
predetermined planning horizon of, say, 24 hours or 3 shifts.

In our approach, solutions will be obtained using a rolling horizon strategy; i.e.,
the problem is solved for the 3 upcoming shifts (say, D, E, N) and the results imple-
mented for at least the next shift (D) and perhaps for all 3 shifts (E, N as well). When
the current shift (D) expires and the next shift (E) begins, the problem is re-solved for



the next 3 shifts (E, N, D), and so on. It is a simple matter to include 12-hour shifts in
the model as long as their start times coincide with one of the 8-hour shifts. We de-
note them by AM (typically 7:00 a.m. — 7:00 p.m.) and PM (7:00 p.m. — 7:00 a.m.).

In formulating the model, it is assumed that all costs associated with assigning a
nurse to work overtime or an off day are known, that demand is given or can be accu-
rately estimated for each of the three shifts in the planning horizon, and that the status
of all unit nurses, pool nurses, casuals, and agency nurses is known. This means that
the nurse managers, the supervisors, and the nursing resources director all have up-to-
date information on call outs, shortages, surpluses, floaters, and pool nurses. Al-
though not critical, it is also assumed that the problem decomposes by subsets of
units, such as critical care and med/surg, as well as by skill type.

As we will see, the model reflects the point of view of the hospital and is intended
for use by the nursing services office rather than the unit managers. Prior to running
the model, the unit managers are expected to evaluate their current staffing needs and
take some action if necessary. If a staffing shortage in view, they will either ask one
or more of their nurses currently on the floor to work overtime, or try to reach casual
or per diem nurses which whom they have a last minute arrangement. These deci-
sions are not included in the model; however, if a nurse is not needed in her home
unit and is willing to float before, during, or after a regularly scheduled shift, this
option is included.

3.1 Notation

The following notation is used in the developments.

Indices
i index for nurses
J, k  index for units
K index for shifts
p index for periods
Sets
J set of units under consideration
T set of time periods in planning horizon

J(@) set of units in which nurse i is qualified to work (outside nurses include
casuals, agency nurses, and other)

J(i,j) set of units to which nurse i currently working in unit j can float

S set of shifts in planning horizon

S(@) set of shifts nurse i is permitted to work other than the shift she is assigned
in the midterm schedule; could include 4-hour overtime sifts

S (7) shift(s) nurse i is assigned to work in the midterm schedule; S (e s\

S(@)
R set of regular nurses
R(j) set of regular nurses that can work in unit j



P
P()
Input data

Cijs

Cijks

3
D;
x

Pmax

set of pool nurses
set of pool nurses that can work in unit j

cost of assigning nurse i to unit j for shift s (may be written as cgs on oc-

casion, where @ designates the type of cost; e.g., agency, pool nurse, day
off, float)

cost of floating nurse i from unit j to unit & for shift s

cost of assigning on-call nurse to unit j during period p

incremental number of nurses required in unit j for period p (+ means
shortage, — means surplus)

parameter equal to 1 when shift s covers period p; 0 otherwise

large penalty coefficient

cost of unproductive assignment (cancellation) for nurse i

incremental cost for floating nurse i and then assigning overtime on the
next shift

penalty for floating nurse i to another unit
penalty for floating nurse i and then assigning overtime on the next shift

penalty for unproductive assignment (cancellation) of nurse i

penalty for on-call assignment
maximum number of total undesirable patterns allowed

Decision variables

Xijs
Yijs
Zjs
Ojp

Wijks

Ui

Vi

Eip

1 if nurse 7 in unit ; is assigned overtime during shift s; 0 otherwise

1 if pool nurse i is assigned to unit j during shift s; 0 otherwise

number of outside nurses assigned to unit j during shift s

number of on-call nurses assigned to unit j in period p

1 if nurse i who is assigned to unit j in the midterm schedule floats to unit
k during shift s; 0 otherwise

1 when nurse i is floated and then assigned overtime on two consecutive
shifts; 0 otherwise

1 if nurse i (regular or pool) is not needed on the shift assigned to him or
her in the midterm schedule; i.e., the shift is canceled

number of gaps (uncovered demand) in unit j in period p

3.2 Formulation

The 0-1 integer programming model for a fixed planning horizon and single skill type
is as follows.
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The objective function (1a) sums the costs of each alternative available for han-
dling shortages. The first term is associated with the permanent staff and covers the
possibility of voluntary overtime and calling a nurse in on her day off if she is not
already on the on-call list. These options are mutually exclusive enforced by con-
straint (1c) so the decision to assign nurse # to shift s in unit j is unique. Referring to
the cost coefficients, if it is more expensive to call nurse i in on her day off than to
assign her an overtime shift, we would require cl_jc_iFF > C,-,?,T , although the values used

in the model do not have to be the actual costs.

The second and third terms in (1a) account for the use of nurses from the internal
float pool and from outside sources, respectively. Depending on availability and cost,
either or both options can be part of a solution. The fourth term considers all nurses
scheduled to work shift s in unit j and allows those that are willing and qualified to
float to unit £ € J(i,j). The set J(i,j) must be defined dynamically to ensure that if
nurse 7 is scheduled to work shift s and is needed in her home unit, she is not floated
even if she is eligible. The fifth and sixth terms respectively account for the cost of
canceling a nurse and the extra payment associated with successively being floated
and then working overtime. The seventh term is the cost for using on-call nurses, the
last term is associated with the gaps.

Constraint (1b) ensures that demand is met in every unit j € J for each p € T in the
planning horizon. Instead of using shifts as the unit time, the constraint is written in
terms of periods. This representation is needed whenever two shift-types overlap,
which is the case when 8-hour and 12-hour shifts are included in the model. When
D;, = 0, no action is necessary; when D;, < 0, there is over coverage in unitj. This is
addressed in constraint (1d). When D, > 0, the under coverage can be made up by
various options. Because nurses work in terms of shifts and shifts cover several peri-
ods, the decision to float a nurse must be based on the coverage situation in each of
those periods. In particular, extra resources must be available throughout the shift if
the floating option is to be considered.

Constraint (1c) ensures that each regular nurse i is given at most one overtime as-
signment during the planning horizon. That assignment must be for a single unit.
Constraint (1d) ensures that a nurse can only be floated to one unit on a shift. Recall
that the decision as to which nurse to float is based on a rotating list. Thus, seniority
becomes less important as time passes. The option to float or to call in a nurse on her
day off for one shift and then assign her overtime on the next shift is permitted by the
model. Specifying the data correctly is necessary to preclude the possibility of non-
contiguous assignments.

When a nurse is not needed for her scheduled shift and there is no unit to which
she can be floated, she is said to be unproductive. Depending on hospital rules and
contractual agreements, it may be possible to cancel a nurse, usually at some cost and
with some penalty. The variable v; affords this option. The actual cost depends in
part on whether a pool nurse or a regular nurse is under consideration. The variable
u; in constraint (le) indicates when nurse i floats during one shift and then works

overtime on another. This situation incurs an extra cost ciz, as indicated by the fifth

objective function term. It is also undesirable from the nurse’s point of view and so
is included as a preference violation term in constraint (1h).



Constraint (1f) limits the assignment of each pool nurse i € P to no more than one
unit during her midterm schedule shift. Like constraint (1d), the cancellation variable
v; is also included in the constraint to capture the situation in which the nurse is not
assigned to any unit. Constraint (1g) limits the number of overtime shifts that a pool
nurse can work to one. When this option is not available, the set S(i) is empty and the
constraint is omitted from the model.

Constraint (1h) is designed to take into account preference violations in the ad-
justed schedule. The intent is to restrict the total number of undesirable patterns to no
more than a user-supplied parameter, P™, as well as limit the use of on-call nurses
(fourth term on left). Three different types of undesirable patterns are considered in
the model: (1) floating a regular nurse from her home unit during her scheduled shift,
(2) canceling a nurse, and (3) floating a regular nurse and then assigning overtime for
the next shift.

Finally, constraint (1i) defines the domain of the decision variables. In practice,
upper bounds exist on the number of on-call nurses o, available in period p and the
number of outside nurses z;; available for shift s in each unitj. As an aside, we note
that it is not really necessary to distinguish between the regular and pool nurse vari-
ables, x;, and y;;,, because the sets S(i), J(i, j) and P(j) are uniquely defined. Doing
so, however, makes the model easier to understand.

4. Parameter Settings and Data Requirements

In order for the solution of model (1a) — (1i) to mimic the sequential decision-making
process outlined in Section 3, the cost coefficients in (1a) must be defined appropri-
ately. For example, if pool nurses are to be used before voluntary overtime, then

el <2 forall iy e PG),j € J(i)), s € S(i,) and iy € R, j € J(,), s € S(i,).

iy js
Similarly, if it is desirable to use nurses who are off before assigning mandatory over-
time, then ¢ < c,.jc.iTM foralli e R U P,j € J(@i), s € S(i). These coefficients may

s
reflect actually costs or may be set artificially to enforce a predetermined selection
order. In any case, when reporting the final solution, the true values should be used
in the calculations.

The basic time unit in the model is 4 hours corresponding to the largest time in-
crement that evenly divides 8- and 12-hour shifts. On-call nurses are already as-
signed in 4-hour blocks as are gaps and overtime, but if it were desirable to assign
outside hours in increments of say, 2- or 4-hour blocks, then the regular, pool nurse
and float variables would have to be defined accordingly. This would greatly in-
creases the size and complexity of the model, as would allowing for split shifts.
Although the incremental demand data, D;,, is currently specified in 4-hour blocks, it
would have to be further disaggregated to account for, say, 2-hour overtime assign-
ments or shift starting times other than those that coincide with the basic 6 periods.

Critical to the successful application of model (1a) — (1i) to the daily scheduling
problem is (near) real-time, automated data input and updating. As the day pro-
gresses, the sets used in the formulation of the model change, as do the demand and



cost coefficients. If the burden is too great at the beginning of each shift to input
data, the nurse manager or designee who will be running the system is likely to aban-
don it in favor of the current manual procedures.

Fortunately, many of the lists and sets needed to run the model are static so, at
most, only minor updates will be required between runs. For example, the list of
outside nurses who are available by unit is known on a monthly basis, so it would
only be necessary to plug in those associated with the current planning horizon. Most
of the other input data are either static or readily available from the human resources
database, perhaps with the exception of the voluntary overtime list. One way to miti-
gate this problem is to ask the nurses during the midterm sign-up period to indicate
which shifts they would be willing to work overtime. As the month unfolds and over-
time is accumulated, the voluntary overtime list would be updated by either the nurse
manager or the nurses themselves as the situation changed.

5. Computational Results

The model was tested by solving a range of problems for a 14-unit hospital with a
staff of approximately 300 regular and pool nurses. Depending on the instance, be-
tween 40 and 120 nurses were candidates for rescheduling over the 24-hour planning
horizon. All codes were written in C++ language and run on a PC with a Pentium 1.3
GHz processor. The IPs were solved with the CPLEX callable libraries.

5.1 Input Data

The data in Table 1 summarizes the seven problem instances investigated. In each
case, we set the number of pool nurses to 20 and varied the number of regular nurses.
The second column indicates the total number of nurses in each problem; for exam-
ple, problem 1 contains 20 regular nurses and 20 pool nurses. The regular nurses that
are included as part of the input are only those available to work overtime or to be
floated to other units in the next 24-hours. The third and fourth columns indicate the
number of constraints and variables in the corresponding IPs. Most of the variables
are binary representing the assignment of a nurse to a particular unit for a particular
shift. We do not allow split-shift assignments, where a nurse works for two different
units within her 8- or 12-hour shift. The next three columns indicate the total staff
shortfall, the number of agency nurse available, and the number of nurses on call,
respectively. All values are given in terms of 8-hour shifts. For problem 1, for ex-
ample, in the upcoming 24 hours, 69 shifts are uncovered, 18 agency nurses are
available, and 26.5 nurses are on call. The last column indicates the average number
of units to which a regular nurse can float. Pool nurse are eligible to work in ap-
proximately 7 different units.



Table 1. Properties of test data

Total No.of No.of  Staff No. Average
Problem no. con- vari- short- agency On-call units to
No. nurses traints  ables fall nurses  nurses float
1 40 185 634 69 18 26.5 2.85
2 70 275 1024 92 12 8 3.21
3 90 285 1120 92 13 16 3.33
4 40 185 671 53.5 9 7.5 5
5 70 270 1127 76 12 8 3.72
6 90 285 1328 92 13 16 3.85
7 120 425 1871 100 13 16 5

In defining a problem instance, we begin by specifying a credential unit list for
each nurse that indicates the units in which she is eligible to work. The input data for
pool nurses and regular nurses is given in Tables 2 and 3, respectively, for problem 1.
The second column in Table 2 identifies the current shift assignment for each pool
nurse. There are 5 possibilities: AM, PM, Day, Evening and Night. The unit creden-
tial list is given for each nurse in the next column, followed by her hourly wage in US
dollars. These values are used to determine the overtime cost coefficients, c;,, and
the float cost coefficients, ¢y, in (1a).

The input in Table 3 is similar to that of Table 2, with some additional parameters.
The home unit for each nurse is given in column three and the overtime periods she is
allowed to work are given in column five. For the latter, the shift designations are
slightly different due to the existence of 4-hour overtime. The qualifiers “Early” and
“Late” are used to distinguish this case.

Table 4 lists the value of each parameter in constraint (1h) and the cost coefficients
used in the objective function (la). The entries for c;, and c;, are constant for all
indices implying that there is no differentiation among on-call nurses and among
agency nurses. For the last entry, c;, only the base value of is given. The actual
value used was obtained by perturbing the hourly rate by a small amount to differen-
tiate the cost of reassigning nurse i to any of the units in which she is eligible to work.



Table 2. Input data for pool nurses for problem 1

Pool Assigned Hourly wages
nurse, i shift, S’(i) Allowed units, S(i) %)
1 AM 0,1,2,3,4,5,6 17
2 PM 1,2,3,4,5,6,7 17
3 Day 2,3,4,5,6,7,8 18.5
4 Evening 3,4,5,6,7,8,9 16
5 Evening 4,5,6,7,8,9,10 17
6 Night 5,6,7,8,9,10,11 19
7 Night 6,7,8,9,10,11, 12 18.5
8 Day 7,8,9,10,11,12, 13 18.5
9 Day 8,9,10,11,12,13,0 19
10 Day 9,10,11,12,13,0,1 18
11 Evening 10,11,12,13,0,1,2 17
12 Evening 11,12,13,0,1,2,3 17
13 Night 12,13,0,1,2,3,4 17
14 Night 13,0,1,2,3,4,5 17
15 Day 0,1,2,3,4,5,6 18.5
16 Day 1,2,3,4,5,6,7 18
17 Evening 2,3,4,5,6,7,8 19
18 Evening 3,4,5,6,7,8,9 17
19 Night 4,5,6,7,8,9, 10 17
20 Night 5,6,7,8,9,10,11 17

Table 5 gives the availability data for agency nurses by shift and for on-call nurses
by period for problem 1. The use of the latter is restricted to evening and night shifts.
Table 6 displays the incremental demand data, D;,, by unit and period, where a value
of 0 actually means that D;, < 0. When a surplus exists, it is assumed that the nurse
manager has identified those individuals who will be either floated or cancelled in the

solution.



Table 3. Input data for regular nurse for problem 1

Regular  Assigned Home Allowed Hourly Permitted over-
nurse, i shift, $(j) unit units, S(7)  wage ($) time periods
1 Off 1 0,1,3,4,5 17 Day
2 Day 2 1,3,6,7 18.5 Evening
3 Day 4 3,5,6,7 21 Evening
4 Evening 6 2,10, 12 17 Day, Night
5 Evening 11 3,11, 12 18.5 Day, Night
6 Night 2 10, 11, 12 22 Evening
7 Night 2 7,8,9 21 Evening
8 Off 1 0,6,7 21 Evening
9 Day 2 4,8,9 18.5 Evening
10 Day 6 59,10 17 Evening
11 Evening 10 8,9,10 17 Day, Night
12 Evening 10 8,9,12 18.5 Day, Night
13 Night 9 8,9 18.5 Late evening
14 Night 9 9,10 18.5 Late evening
15 Day 9 0,4,5 21 Early evening
16 Day 9 0,4,7 21 Early evening
17 Evening 6 6,7,8,9 22 Late day
18 Evening 13 6,7,8,9 17 Early night
19 Night 9 10, 11 17 Evening
20 Night 2 10,11, 13 21 Evening
Table 4. Model parameters and their values
Parameters Value
p; penalty for floating nurse i to another unit 1
pi2 penalty for floating nurse i and then assigning overtime in
next shift 4
pf penalty for unproductive assignment (cancellation) of nurse i 6
p4 penalty for an on-call assignment I
cl.1 cancellation cost for nurse i 3 hr of pay
cl.2 incremental cost of floating nurse 7 and then assigning over-
time in next shift $10
¢y cost of using an on-call nurse in unit j during period p $120/period
¢js cost of using an agency nurse in unit j during shift s $312

Ciiks Teassignment cost from unit j to unit & for shift s for nurse ¢

hourly rate




Table 5. Availability data for agency and on-call nurses for problem 1

| Agency shift | On-call period
Unit Day Evening Nigh 1 2 3 4 5 6
t
0 1 1 1 0 0 0 1 2 1
1 1 1 1 0 0 0 1 1 2
2 0 0 0 0 0 0 1 1 1
3 0 0 0 0 0 0 2 1 1
4 1 1 1 0 0 0 1 2 1
5 1 1 1 0 0 0 1 1 2
6 0 0 0 0 0 0 1 1 1
7 0 0 0 0 0 0 2 1 1
8 1 1 1 0 0 0 2 1 1
9 1 1 1 0 0 0 1 1 2
10 0 0 0 0 0 0 1 1 1
11 0 0 0 0 0 0 2 1 1
12 0 0 0 0 0 0 2 1 1
13 0 0 0 0 0 0 1 2 1
Table 6. Incremental demand by unit for problem 1
Period

Unit 1 2 3 4 5 6

0 2 2 1 1 2 2

1 1 1 2 2 2 2

2 0 0 3 3 0 0

3 1 1 2 2 1 1

4 0 0 0 0 0 0

5 1 1 3 3 4 4

6 4 4 0 0 4 4

7 2 2 2 2 1 1

8 3 3 2 2 3 3

9 0 0 3 3 0 0

10 3 3 0 0 3 3

11 2 2 0 0 2 2

12 2 2 2 2 2 2

13 1 1 0 0 2 2

5.2 Experimental Design and Results

Two sets of experiments were run to determine the computational effort required to
solve model (1a) — (1i) and to investigate the implications of trying to accommodate
preferences on a daily basis. In the first set, the preference constraint (1h) is omitted
so cost is the only consideration. In the second set, we studied the tradeoff between



monetary outcome and preference violations by parametrically varying the value of
P™ in (1h). Initially, P™ is set to the value associated with the solution obtained in
the first set of experiments in which (1h) is not included (see last row in Table 7).

Computation times were negligible for all instances. Solutions were found by
CPLEX at the root node of the search tree within a fraction of a second for the first
set of experiments and within several seconds for the second set. At first, we be-
lieved that this was primarily due to the lack of differentiation in the cost ¢y of as-
signing nurse i to unit j for all j € J(i) during shift s, as well as the lack of differentia-
tion in the float cost ¢y, as originally defined. Both sets of coefficients are a function
of the wage rate given in Table 2 for nurse i and initially were assumed to be inde-
pendent of unit assignments j and k. Perturbing the values of c;; and ¢y, though, had
no effect on the computational effort or the size of the search tree.

One possible explanation for this relates to the structure of the local constraints as-
sociated with each nurse i. Although the feasible region of the IP is not totally uni-
modular, Egs. (Ic) — (1g) can be rewritten as flow balance constraints by appropri-
ately redefining the decision variables. Anecdotally speaking, the presences of a pure
network substructure in a problem often leads to quick solutions. A summary of the
results is given in Table 7 for the first set of experiments. The gaps are filled initially
by the least expensive option, the pool nurses, and then by combinations of the re-
maining resources. In the absence of a restriction on preference violations, sufficient
resources are available to satisfy all demand, expect for problem 7. Solutions were
always found at the root node, after several dozen rows and columns were eliminated
by CPLEX’s presolve routine, and after an equal number of constraints were added
by the cut generator. These cuts were derived from the intersection graph constructed
from a portion of the model’s A-matrix.

Table 7 also reports the quality of the solution for each problem instance as meas-
ured by the number of pool nurses used, the number of regular nurses floated, the
number of overtime 8-hour shifts included, and the extend to which on-call and
agency nurses are used. The bottom row of the table gives the weighted sum of un-
desirable patterns associated with each solution. We designate this value P™.

When the preference constraint is activated by reducing the value of P™ to some
number below the maximum determined in the first set of experiments, the feasible
region becomes tighter, thus restricting the set of feasible solutions. Computations
times increase a bit because more cuts in the form of cover inequalities are added by
CPLEX in the enumeration process before convergence occurs. Nevertheless, total
computational times were no more than a few seconds and only a handful of nodes
had to be explored.

The assignments resulting from solution of problem 1 without constraint (1h) are
shown in Tables 8 through 11. Table 8 reports the unit assignment for each pool
nurse as well as the input data previously given in Table 2. This redundancy is for
ease of comparison. Table 9 describes the assignments for the regular nurses. The
first four columns are part of the input, the fifth and sixth columns indicate the over-
time assignments in terms of the unit and period, respectively. The floating assign-
ments are shown in the last column of Table 9.



Table 7. Summary of computations for first set of experiments

Problem no.

Output
features 1 2 3 4 5 6 7

Pool
nurses
used 20 20 20 20 20 20 20
Regular
nurses
floated 17 37 44 17 38 48 66
Overtime
nurses
(shifts) 7 5 11 1 2 5 11
On-call
nurses
used
(shifts) 9 4 4 3 5 8 1
Agency
nurses
needed
(shifts) 13 10 12 11 10 6
Gaps 2.5 0 0 0 0 0 1
No. of
nodes in
B&B tree 1 1 1 1 1 1 1
Solution
time (sec) <1 <1 <1 <1 <1 <1 <1
Cost $17,172 $11,869 $16,152 $8,519 §$12,231 $15.426 $19,705
Pmax at
solution 258 308 442 138 310 424 500

oo

As an example, consider nurse 4 who is was assigned to work an Evening shift in
the midterm schedule. Instead she is floated from her home unit 6 to unit 2 for the
Evening shift. Also, because she was available for overtime and several of the units
in which she is eligible to work were understaffed, the solution assigned her a Day
shift in unit 10. This scenario illustrates one of the more complicated situations.

The assignments for the on-call and agency nurses are provided in Table 10. It is
assumed that each agency nurse must be hired for an 8-hour shift. The last six col-
umns in the table give the assignments for the on-call nurses for each 4-hour period in
the planning horizon.



Table 8. Example assignment for pool nurses in problem 1

Pool Assigned Assigned
nurse shift Allowed unit unit
1 AM 0,1,2,3,4,5,6 3
2 PM 1,2,3,4,5,6,7 3
3 Day 2,3,4,5,6,7,8 8
4 Evening 3,4,5,6,7,8,9 7
5 Evening 4,5,6,7,8,9, 10 7
6 Night 5,6,7,8,9,10,11 6
7 Night 6,7,8,9,10,11, 12 6
8 Day 7,8,9,10, 11,12, 13 13
9 Day 8,9,10,11,12,13,0 12
10 Day 9,10,11,12,13,0,1 11
11 Evening 10,11,12,13,0,1,2 1
12 Evening 11,12,13,0,1,2,3 12
13 Night 12,13,0,1,2,3,4 1
14 Night 13,0,1,2,3,4,5 5
15 Day 0,1,2,3,4,5,6 6
16 Day 1,2,3,4,5,6,7 7
17 Evening 2,3,4,5,6,7,8 5
18 Evening 3,4,5,6,7,8,9 5
19 Night 4,5,6,7,8,9, 10 6
20 Night 5,6,7,8,9,10,11 5

The overall solution for each unit in the hospital is shown in Table 11. The cell
entries indicate what types of nurses were selected to meet the incremental demand
requirements. Each resource is denoted by a letter (P = pool, F = float, A = agency,
OT = overtime, OC = on-call) and a number. The letters indicate the type of nurse,
while the numbers indicate the number of the specific resource needed in the case of
agency and on-call nurses, or index of the nurse assigned to the unit in the case of

pool and regular nurses.



Table 9. Assignments for regular nurses in problem 1

Regular  Assigned Home  Allowed Float Overtime
nurse shift unit unit tounit  OT unit period
1 Off 1 0,1,3,4,5 - - None
2 Day 2 1,3,6,7 6 2 Evening
3 Day 4 3,5,6,7 7 - None
4 Evening 6 2,10, 12 2 6 Day
5 Evening 11 3,11,12 3 11 Night
6 Night 2 10, 11, 12 12 - None
7 Night 2 7,8,9 8 - None
8 Off 1 0,6,7 - - None
9 Day 2 4,8,9 8 2 Evening
10 Day 6 5.9, 10 10 - None
11 Evening 10 8,9,10 9 10 Day
12 Evening 10 8,9,12 12 10 Late-Day
13 Night 9 8,9 8 - None
14 Night 9 9,10 10 - None
15 Day 9 0,4,5 - - None
16 Day 9 0,4,7 0 - None
17 Evening 6 7,8,9 8 6 Day
18 Evening 13 6,7,8,9 9 - None
19 Night 9 10, 11 10 - None
20 Night 2 10,11, 13 13 - None
Table 10. Assignments for agency and on-call nurses for problem 1
Agency shift On-call period
Unit | Day Evening Night 1 2 3 4 5 6
0 | 1 | 0 0 0 0 | 1
1 1 1 1 0 0 0 0 1 1
2 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0
5 1 1 1 0 0 0 0 1 1
6 0 0 0 0 0 0 0 1 1
7 0 0 0 0 0 0 0 1 1
8 | 1 | 0 0 0 0 0 0
9 0 1 0 0 0 0 0 0 0
10 0 0 0 0 0 0 0 1 1
11 0 0 0 0 0 0 0 1 1
12 0 0 0 0 0 0 0 | 1
13 0 0 0 0 0 0 0 1 1




Table 11. Full set of assignments over 24 hours for problem 1

Period
Unit 1 2 3 4 5 6
0 Fl16, 1A Fl16, 1A 1A 1A 10C, 1A 10C, 1A
1 1A 1A P11, 1A P11, 1A P13, P13,
10C, 1A 10C, 1A
2 F4,0T2, F4,0T2,
o719 o719
3 P1 P1 F5, P1 F5, P2 P2 P2
4
5 1A 1A P17,P18, P17,P18, Pl14,P20, P14, P20,
1A 1A 10C, 1A 10C, 1A
6 F2, P15, F2, P15, P6, P7, P6, P7,
OT4, OT4, P19,10C P19, 10C
OT17 OT17
7 F3, P16 F3, P16 P4, P5 P4, P5 10C 10C
8 F9, P3, F9, P3, F17, 1A F17,1A F7,F13, F7,F13,
1A 1A 1A 1A
9 F11,F18, Fl11,F18,
1A 1A
10 F10, F10, F14,F19, F14,F19,
OTl11 OT11, 10C 10C
OT12
11 P10 P10 OT5, OT5,
10C 10C
12 P9 P9 F12,P12 F12,P12 F6,10C  F6,10C
13 P8 P8 F20,10C F20, 10C

To understand the tradeoff between monetary cost and preference violations, the
model was run with different values of P™ the maximum allowable cumulative
penalty associated with undesirable patterns. As P™ is decreased, costs increase up
to the point where the feasible region is empty. Figure 1 depicts the tradeoff curve
for problem 1. The point on the far right of the curve corresponds to the uncon-
strained case whose solution is given in the bottom two rows of Table 7. Here, the
costis $17,172 and P™™ = 258. As P™ is decreased and the model rerun, the objec-
tive function increases at an increasing rate until P™ = 80. At this point, the cost is
$44,022, almost 100% above the best achievable cost. For values of P™ below 80,
the problem is infeasible. Similar behavior was observed for the other problems
investigated.
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Fig. 1. Cost preference tradeoff for problem 1

6. Discussion

As the focus of management shifts from generating rosters over a 4-week planning
horizon to real-time control, the scheduling effort moves from trying to satisfy indi-
vidual preferences to minimizing costs. The model proposed in this paper allows
management to emphasis costs without abandoning the issues that drive midterm
scheduling. Because the computational effort is minimal, the methodology allows the
user to construct tradeoff curves in a tightly constrained environment.

One of the weaknesses of the model is that it does not allow shifts to be split
among units, say, in 4-hour blocks. To remedy this situation, we are now developing
a more robust model that offers this feature in a decision support framework. The
difficulty is that the size of the decision space grows exponentially with the number
of periods over which the regular and pool nurse variables, x and y, are defined.
Initially testing of the model indicates that solution times would be on the order of 10
to 15 minutes for problem instances comparable in size to the ones given in Table 1.
It is most likely that a decomposition approach would be needed to achieve reason-
able efficiency.
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